Abstract. In this paper, we first discuss some basic results concerning Toeplitz operators with quasihomogeneous symbols (i.e., symbols being of the form e ipθ ϕ, where ϕ is a radial function) on the harmonic Bergman space. Then we determine when the product of two Toeplitz operators with quasihomogeneous symbols is a Toeplitz operator.
Introduction
Let dA denote the Lebesgue area measure on the unit disk D, normalized so that the measure of D equals 1. The well-known Bergman projection P is then the integral operator
Recall that a function ϕ on D is radial if ϕ(z) depends only on |z|. Then for each radial function ϕ, we define the function ϕ on [0, 1) by ϕ(r) = ϕ(re iθ ), where (r, θ) are the polar coordinates of the complex variable z. It is obvious that ϕ is well defined. In the following, we shall often identify a bounded radial function ϕ on D with the corresponding function ϕ defined on [0, 1).
A bounded function f is said to be quasihomogeneous of degree p ∈ Z if and only if
where ϕ is a radial function (see [9] ). In this case the associated Toeplitz operator T f is also called a quasihomogeneous Toeplitz operator of degree p. In 1964, Brown and Halmos [2] proved that T f T g = T h on the Hardy space H 2 of the unit circle if and only if: either (I) g is analytic, or (II) f is conjugate analytic. They also showed that, in both cases h = fg. In the setting of an analytic Bergman space, conditions (I) and (II) are still sufficient, but they are no longer necessary. Ahern andČučković [1] showed that a Brown-Halmos type result holds for Toeplitz operators with harmonic symbols on L 2 a . Later in [6] , Louhichi, Strouse and Zakariasy gave necessary and sufficient conditions for the product of two quasihomogeneous Toeplitz operators to be a Toeplitz operator. Then Louhichi and Zakariasy [7] characterized commuting Toeplitz operators on L 2 a with quasihomogeneous symbols. The main reason for them to study such a family of symbols is that any function f in L 2 (D, dA) has the polar decomposition
where
Recently, we studied some algebraic properties of quasihomogeneous Toeplitz operators on the analytic Bergman space of the unit ball in [5] and [10] .
The theory of Toeplitz operators on L 2 h is quite different from that on L 2 a . For example, Choe and Lee [3] showed that two analytic Toeplitz operators on L 
Louhichi, Strouse and Zakariasy [6] 
Some preliminary results
One of the most useful tools in the following calculations will be the Mellin transform.
The Mellin transformφ of a function ϕ ∈ L 1 ([0, 1], rdr) is defined by the equation
It is clear thatφ is well defined on the right half-plane {z : Re z ≥ 2} and analytic on {z : Re z > 2}. The use of the Mellin transform in the study of Toeplitz operators was introduced for the first time in [4] . A direct calculation gives the following lemma, which we shall use often.
Lemma 2.1. Let p ∈ Z and let ϕ be a bounded radial function. Then for each k ∈ N,
Proof. Since ϕ is a bounded radial function, we see that for each k ∈ N,
Note that ϕ is still radial and
Thus,
This completes the proof. 
Also, a similar calculation shows that
is an orthonormal basis for the harmonic Bergman space, we have
By a similar argument, one can also show that (b) implies (a). This completes the proof. 
The Mellin convolution theorem states that
and that if f and g are bounded, then so is f * M g. It is important and helpful to know that the Mellin transform is uniquely determined by its value on an arithmetic sequence of integers. In fact we have the following classical theorem (see [8, p. 102] ). 
Then f vanishes identically on {z : Re z > 0}. 
Proofs of the theorems
We start this section with the notion of radialization (see [11] ). Letting f be a bounded function on D, we define the "radialization" of f by
It is clear that a function f is radial if and only if rad(f ) = f . We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. If f is a quasihomogeneous function of degree p, then (a) is a direct consequence of Remark 2.2. Conversely, suppose (a) is true. Then for any k ∈ N,
Thus, if p ≥ 0,
and if p < 0,
In particular, if we denote ϕ = r |p| e −ipθ f , then it follows that
In the following we will prove that ϕ is radial, which implies that f is a quasihomogeneous function of degree p. Now, writing out the integrals and changing the order of integration, we see that for each m ∈ N,
On the other hand,
Then by (3.1), we obtain
Moreover, by (3.1) and Lemma 2.3, we have
Then by a similar discussion, we can get
From (3.2) and (3.3) we deduce that T rad(ϕ) = T ϕ , which implies ϕ(z) = rad(ϕ)(z). Hence ϕ is radial. This completes the proof.
Next we discuss the proof of Theorem 1.2. 
